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Kinetic model for membrane transport

2. Time lag and overshoot
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A lag time during the period of variation in solute concentration in the receiver phase and overshoot in that in the membrane phase
have been predicted to occur with a kinetic model for membrane transport which takes into account both the membrane volume and
the partitioning kinetics (Makino et al., Biophys. Chem. 35 (1990) 85). The duration of the lag time becomes longest when the donor
and receiver phases have the same volume. This maximum grows in length with increase in the partition coefficient, tending to be
proportional to the volume fraction of the receiver phase. Moreover, it displays an increase in length with decreasing membrane
volume fraction. Overshoot occurs only when the volume fraction of the receiver phase is greater than that of the donor. Overshoot is
observed during the earlier stages of membrane transport when the partition coefficient is smaller or the volume fraction of the

receiver phase is larger.

1. Introduction

A number of investigations have been reported
[1,2] on the overshoot phenomenon in which the
concentration of the solute transitorily exceeds its
equilibrium value in a membrane system. In the
preceding paper [3] *, we presented a simple
kinetic model for the full time course of mem-
brane transport from the source solution phase
(solution 1) to a receiver phase (solution 2) through
a membrane (see fig. 1). Overshoot during the
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* Note: In Ref. 3, on p. 87, in the legend to fig. 2 (b), e™/®
(curve 3) and e % (curve 4) should read e~/ (curve 3) and
e~ 8% (curve 4), respectively. On p. 90, in eq. 45, C,(¢)
should read C_(¢)/C,. On p. 94, the legend to fig. 8 should
include the final part of the last sentence: when ¢ = 0.6,
¢, =02and K=1.

time course of solute concentration in the mem-
brane was observed under certain conditions. Fur-
thermore, a lag period was demonstrated for the
increase in solute concentration in the receiver
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Fig. 1. A membrane of volume V,, separating two solutions, 1

and 2, whose volumes are ¥, and V,, respectively. ¢ and ¢y,

respectively; volume fractions of solution 2 and membrane,

C,(1), Gy(1) and C, (1), solute concentrations of the respective
phases; k; and k,, rate constants.
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solution phase (solution 2). In this model, both the
finite volume of a membrane and the partitioning
kinetics were taken into account without assuming
the process of partitioning to attain equilibrium.
With this model, when the membrane, which is
permeable to the solute, separates two solutions, 1
and 2, the time course of the variation in solute
concentration in the respective phases is described
as follows.

R 2G04 kaan) (1)
Vz%)—= —klcz(t)+k2cm(t) (2)
y, S5l _ 4 e + Gu0) - 2kG (1)

(3)

where ¥ and C represent the volume and the
solute concentration in the respective phases as
indicated by the subscripts 1, 2 and m correspond-
ing to the donor phase (solution 1), receiver phase
(solution 2) and membrane. Note that C_, is the
solute concentration averaged over the membrane
phase. k, denotes the rate constant relating to
transport of solute from the solution into the
membrane phase, k, corresponding to that from
the membrane phase to the solution.
The initial conditions are as follows.

(0 =G (4)
G,{0)=0 (5)
Cm(o) =0 (6)

Subject to the initial conditions (eqs 4-6) the time
course of the solute concentration in solution 1,
solution 2 and the membrane is given as follows.
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where ¢ and ¢,, designate the volume fractions of
solution 2 and the membrane, respectively. We
have replaced «f and ag in eqs 16-18 of our
previous article [3], which correspond to eqs 7-9
in the present paper, with P,y and P,vy, respec-
tively. Furthermore, we use scaled time vy¢ instead
of t. At equilibrium (¢ — o0), eqs 7-9 give

Cn(0) = KC,(o0) = KCy(0) (21)
and eqs 1-3 satsfy
VC(1) + G (1) + VG (1) = MG (22)

The purpose of the current article is to explain
the time lag associated with the increase in solute
concentration in solution 2 and the overshoot of
the solute concentration in the membrane by
means of this model.

2. Basic equations

The lag period observed during the course of
increase in the solute concentration in solution 2
can be defined as the time interval between ¢ =0
and ¢ = r; within which C,(2)/C, displays a point
of inflection.

From eq. 2,
EC(1) 2a(l-¢—9,) -

arz (1—9n)

ac, (1) 1 4C, ()
dr ~ K di (23)

with egs 8 and 9,

_ In(g/f)
(s ) @)

LT T M) (2-1)

Overshoot in C, (2)/C, occurs at f=t,, when the
slope of C(1)/C, 1s zero.

From eq. 9,

_ In(F/G)
= % (/—g) .
~ 29(1 —¢—¢n) In(F/G) 7

oS T 0S¢ (fg)

Since the value of g is always greater than that of
f. F is always greater than G. Therefore, only
when G < F < 0 can ¢, be positive which indicates
that overshoot can be observed solely when the
volume of solution 2 is greater than that of solu-
tion 1, i.e., 1-2¢—¢,, <0.

3. Results and discussion

We have carried out an investigation aimed at
the elucidation of the behavior characteristic of
the lag time and overshoot phenomenon observed
during the period of variation in solute concentra-
tion in solution 2 and in the membrane, respec-
tively. The results obtained are shown in figs
2-17, where the scaled time y¢ is used, since yt
does not depend on the values of the volume
fraction ¢ or those of ¢,,.

We have defined the lag time in the time course
of the solute concentration in solution 2 as the
time interval from ¢ =0 to ¢ = ¢, as expressed by
eq. 24. This equation contains «, In(g/f) and
{g—f) which depend on K, ¢ and ¢,,.

When solutions 1 and- 2 have equal volumes
(V, = V,), the time lag is found to be the longest
as seen in fig. 2. When V; =V, (1 —2¢ — ¢, =0),

Ko, 1-4,
-ytL=—2—ln(1+ K%”),L (28)
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Fig. 2. Effects of ¢ on yzy (curve 1), Cy(#1)/Cp (curve 2) and
Cy(11.)/C,(c0) (curve 3), when K =10 and ¢, = 0.2.
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Fig. 3. Effects of ¢ on C,(r)/C, when K =2, ¢,,=0.2 and
¢ =02 (curve 1), 0.3 (2), 0.4 (3), 0.5 (4), 0.6 (5), 0.7 (6).

In the case shown in Fig. 2, C,(¢)/C,{(o0) also
has a maximum at 1 — 2¢ — ¢, = 0, where

Cz(w) _ 1_¢_¢m
G 1+ (K-1e,

(29)

Therefore, C,(1,)/C, also displays a maximum at
a particular value of ¢. This occurs as a result of
the fact that, on ¢ increasing, C,(=0)/C;, which is
given in eq. 29, decreases, as is apparent in fig. 3.
Fig. 4 demonstrates the effects of the partition
coefficient, K, on yt;, C,(1.)/C, and Cy(1)/C,
(20). Here, k, is varied while k&, is held constant.
When K — 0, yrg also tends to zero, and for K
increasing in value, y#, becomes greater, indicat-
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Fig. 4. Effects of X on yr (curve 1), C,(f;)/C, (curve 2) and
Cy(t1)/Cy(o0) (curve 3), when ¢ = 0.2 and ¢, = 0.2.

0 1 vt 2
Fig. 5. Effects of K on C(1)/(y when ¢6=0.2, ¢,=0.2 and
K =2 (curve 1), 4 (2), 8 (3), 16 (4), 32 (5), 64 (6).

ing that the time lag lengthens. However, C,(z,)/
G, and Cy(1p)/Cy(o0) attain a maximum at a
certain value of K. As described in the preceding
paper [3], during the initial stages of membrane
transport, C,(1)/C, is proportional to 2.

G(1) _200-9-9u) 1 ,,
Co (1 V¢m)2¢m X

Therefore, during the early stages of membrane
transport, the curvature of C,(¢)/C, at ¢t =10 di-
minishes as K increases, resulting in an increase
in y¢;. In the case of K increasing, yf; becomes
greater although C,(o0)/C,, defined in eq. 29,
decreases (see fig. 5). Therefore, C,(7,)/C, attains
a maximum at a particular value of K. Fig. 5
illustrates the effects of X on Cy(r)/C,. For K
increasing, C,(r)/C, and C,(20)/C, decrease,
while vz, increases. In the limiting case where
K — oo, y1 is expressed as:

_d(l-¢—d) 1-¢—¢,

(30)

In the case where ¥V} = V,, yr; is given by eq. 28,
and when K — o0, ¢; becomes proportional to ¢,
viz.,

yi, =9, 0<$<05 (32)

except at ¢ =0.5. Note that as ¢ — 0.5, yz; tends
to zero. Therefore, when V), =V, and K is large,
the time lag increases in duration with increase in
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Fig. 6. Effects of ¢ on y¢; when K =.100 and V; =V,.

the volume fraction of solution 2 (that of the
membrane decreases), as shown in fig. 6.

Fig. 7 shows the effect of ¢, on the lag period
for the case where ¢ is constant. y¢; displays a
maximum at a certain value of ¢, when X and ¢
are constant. As K increases, with ¢ remaining
constant, the value of ¢, at which yz; reaches a
maximum decreases and this maximum value of
yt, increases. When ¢, is large, y#; is5 not af-
fected by K. However, in the case where ¢, is
small, vz, is strongly dependent on K. As de-
scribed before (see fig. 4), yt_ is markedly af-
fected by K when K is small. Fig. 8 shows the
effect of ¢, on C,(#)/C,, when K=0.5 and ¢ =
0.2.

Consequently, the time lag depends on the
volume fraction of both solution 2 and the mem-
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Fig. 7. Effects of ¢, on yi; when ¢ =0.2 and K =0.5 (curve
1), 1(2), 2(3), 4 (4), 8 (5), 16 (6).
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Fig. 8. Effects of ¢, on C;(2)/Cy, when K =05, ¢ =0.2 and
¢ = 0.2 (curve 1), 0.3 (2), 0.4 (3), 0.5 (4), 0.6 (5), 0.7 (6).

brane and on the partition coefficients. Data ob-
tained from the dependence of the lag period on
the volume fraction of solution 2 show that the lag
time is longest when solutions 1 and 2 are equal in
volume. This maximum value of s becomes
greater with increasing K. Moreover, in this situa-
tion, as the volume fraction of membrane di-
minishes, the time lag lengthens correspondingly.
Except when the volumes of solutions 1 and 2 are
identical, the time lag becomes shorter in duration
for increase in the extent of deviation of the
volume fraction of solution 2 from that for equal
volumes of solutions 1 and 2, while it is lengthened
when the partition coefficient increases. As judged
on the basis of the influence of the membrane
volume fraction on the time lag, the lag period is
longest at a certain value of the membrane volume
fraction depending on the value of partition coef-
ficient.

Overshoot is evident in the time course for
variation in C,(1)/C, when the volume of solu-
tion 2 is larger than that of solution 1, as de-
scribed above. It is apparent from eq. 26 that ¢, is
governed by K, ¢ and ¢,

Fig. 9 depicts the effect of K on yt,, C,(#9)/Cy»
and C,(14)/C(0). Cpu(ty)/Cr(0) can be evalu-
ated as the height of overshoot. With increase in
K, yt, also increases. Simularly, C,(74)/C, also
increases, although C_(#;)/C,{(e0) falls toward
unity, as K increases, since C_(00)/C, increases,
tending toward unity, as K increases, as shown in
fig. 10. That is, as K decreases, overshoot appears
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Fig. 9. Effects of K on y¢, (curve 1), C,(14)/Cy (curve 2) and
Cin(25)/C,(00) (curve 3), when ¢ = 0.6 and ¢, = 0.2,

vty Cmite’Co, Cltg/C pfes) B

during the earlier stages of membrane transport
and 1ts height, C, (7,)/C..(20), becomes greater.

Fig. 11 demonstrates the effects of ¢ on yi,,
Ci(20)/Cy and C(1,)/C (o0) with ¢, held con-
stant. When the volume fraction of solution 2
approaches that of solution 1, yt, tends to infin-
ity, showing no occurrence of overshoot for this
situation. Furthermore, as ¢ increases, yt, de-
creases, tending to zero, and C,_(1,)/C, di-
minishes, although C_(1,)/C (o0) increases, since
C.(0),/C, falls with increasing ¢, as shown in fig.
12. Therefore, as the volume fraction of solution 2
becomes greater, overshoot occurs during the ini-
tial stages of membrane transport and is of greater
height as compared with the equilibrium value,
given as C,(14)/C, (o).
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Fig. 10. Effects of X on C,(¢}/C, when ¢ = 0.6, ¢, = 0.2 and
K =1 (curve 1), 2 (2), 4 (3), 8 (4), 16 (5), 32 (6).
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Fig. 11. Effects of ¢ on vty (curve 1), C,(¢g)/ G (curve 2) and
Cin(to)/ C(o0) (curve 3), when K =2 and ¢, =0.2.

Fig. 13a and b illustrates the effects of ¢, and
K on yty. The cases where ¢ <0.5 and ¢ > 0.5
must be considered separately, since when ¢ < (.5,
¢,, lies between 1 — 2¢ and 1 — ¢, while for ¢ >
0.5, ¢,, can be between 0 and 1 — ¢. When ¢ < 0.5
(fig. 13a), as ¢,, increases from 1 —2¢ to 1 — o,
vty decreases from infinity to zero. As K in-
creases, vyl, increases at each value of ¢, as
shown in fig. 13a, although when ¢, is large, v,
does not depend markedly on K. That is, when
¢ < 0.5, overshoot occurs during the earlier stages
of membrane transport as ¢, increases and K
decreases. Fig. 14a and b shows the effects of ¢,
on yfy and C,(1;)/C, when ¢ =04 at K=15 (a)
and K=1 (b). The height of the overshoot as

T

3 4

Yt

Fig. 12. Effects of ¢ on C,(1)/C, when K =35, ¢, =0.2 and
¢ = 0.46 (curve 1), 0.52 (2), 0.58 (3), 0.64 (4), 0.70 (5), 0.76 (6).
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Fig. 13, Effects of ¢, and X on yiy when ¢ = 0.4 (a), 0.6 (b) and K = 0.2 {carve 1), 0.4 (2), 0.8 (3}, 1.6 (4), 3.2 (5}, 6.4 {6).
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Fig. 14. Effects of ¢y, on yfo and Cu(#)/Cy when K =35 (a) and K =1 (b), and ¢y, = 0.08 (curve 1), 0.13 (2), 018 (3), 0.23 {4), 0.28
(5).0.33 (6 at ¢ = 0.4,
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Fig, 15, Effects of ¢, and K on Gulto)/Co (8) and Cy(7y)/Cpf00) (b) when §=0.4 and K =0.5 {curve 1), 1 (2), 2(3), 4 (4), 8 (5)

and 16 (6).
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Fig. 16. Effects of ¢, on vy, and C(¢)/C, when K =35 (a) and K =1 (b), and ¢,, = 0.08 (curve 1), 0.13 (2), 0.18 (3), 0.23 (4), 0.28
(5), 0.33 (6) at ¢ = 0.6.

compared with each equilibrium value, C_(#,)/
C, (0), grows with increasing ¢, and K decreases
as shown in fig. 15b, since C_(o0)/C, decreases as
¢,, increases and K decreases. When ¢ > 0.5 (fig.
13b), vt, attains a maximum at a particular value
of ¢. The value of ¢, at which y¢, exhibits the
maximum decreases as K increases, although when
K 1s small, vt is less strongly affected by ¢, than
in the case where K is large. Fig. 16a and b shows
the effects of ¢, on vz, and C_(¢;)/C,, when
¢=1006at K=5(a)and K =1 (b). Also, as shown
in fig. 17, C_(1,)/C, decreases and C_(1;),/C(o0)
increases as K decreases. C, (t,)/C, diminishes as

9 (a)

Cmite)/Co

0 . .
0.0 0.1

T rn— y
02 ¢y 03 0.4

¢, increases, although C,(¢,)/C,(o0) reaches a
minimum at a certain value of ¢, since C_(e)/C,
decreases as ¢, increases. From the above, it is
obvious that when ¢ > 0.5, overshoot occurs dur-
ing the earlier stages of membrane transport when
the volume fraction of the membrane is either very
small or very large. The time interval before over-
shoot occurs is longest in duration at a certain
value of ¢, depending on K, and this maximum
value of y¢, increases as K increases. This time
interval becomes much more strongly dependent
upon K as K increases. When ¢ < 0.5, overshoot
occurs in the initial stages of membrane transport

(b)

2.0

Forngd
13
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z
£
(]
t.o T T T T T T
0.0 0.1 0.2 dm 03 0.4

Fig. 17. Effects of ¢, and K on Culte)/C, (2) and Cy(#g)/Cm(00) (b) when ¢ = 0.6 and K =1.6 (curve 1), 3.2 (2), 6.4 (3), 12.8 (4)
and 25.6 (5).
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as the membrane volume fraction increases. Over-
shoot occurs in the earlier stages of membrane
transport when the partition coefficient is small.
Also, a larger volume fraction for solution 2 in-
duces the occurrence of overshoot in the earlier
stages of membrane transport.
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